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Uumiaatser derived in [l] the necessary conditions of stability of rots- 
tlons of a heavy gyrostat moving by Inertia, for several different cases 
of mass distribution. 

The author of this paper derives necessary conditions of stability of 

permanent rotations of a heavy wrostat with arbitrary mass distribution 

and determines the regions of stability on the conical locus formed by 

the peruanent axes. 

1. Pemment axes. Let the gyrostat S consist of the rigid body 

S, with one fixed point 0 and of several other hodies S, connected with 

S,. Lzt 06~ 4 be a fixed rectangular coordinate system with the vertical 

c[ axis directed upwards, and let Oryz he a rectangular coordinate system 

moving with the body S,, whose axes coincide with the principal axes of 

inertia of the gyrostat. It should he mentioned that by the definition 

of a gyrostat as given in [2], the internal movements of the hodies S, 

do not change either the center of gravity, or the orientation of the 

principal axes,. or the manents of inertia of the gyrostat with respect 

to the point 0. 

‘lhe angular manentumK of the gyrostat ahout the point 0 is the vector 

snot of the angular momentum K, of the whole system S ahout 0, regarded 

as a rigid body, and of the angular momentum 1(2 of the hodies S, ahout 0 

(gyrostatic moment), resulting from the internal movements of S, with 

respect to S,. Thus 

K=K,+K, 6 = (4, Bq, Cr}, & = {a, b, c}) 

l’he above formulas display the x, y, z, components of the vectors of 

the considered angular moments. Here A, B, C, are the principal moments 

26 



Pcrnonent rotations of o hcovy gyrostot 27 

of inertia of the gyrostat, and p, q, r, are the x, y, z, components of 
the angular velocity vector o. We shall assume that the x, y, z, compo- 
nents of the vector of the gyrostatic moment & are 

a = const, b = con&, c = Con& (1.1) 

‘Ihe motion of a heavy gyrostat with one fixed point under the condi- 
tions (1.1) is controlled by the system of six equations 

A~+(C--)qr+qc--b=P(z,y,--y,y,) 

B~+(A-C)rp+ra-ppc=P(z,ys--z,r,) (1.2) 

C~+(~-4p~+pb-~a=J’(y,yl-- 5y8) 

dr2 
x =py3- r[l, 

dra 
dt = qy+py2 (1.3) 

Here P is the weight of the gyrostat,, x,,, y,,, z,, are the coordinates 
of the center of gravity G, and yl, yz, yf, are the direction cosines of 
the < axis with respect to the axes x, y, z. Equations (1.2) and (1.3) 
permit the three first integrals 

Ap2 + Bq2 + Cr2 + 2P (z,y, + yoy2 + zoy3);= const 

VP + 4yl+ (&]+ b)y2+(Cr+ c)y3 = const 

Y12 + ya2 + y32 = 1 

(1.4) 

(1.5) 

(1.6) 

Reasoning, as in the case of a rigid body with one point fixed [2I, 
we find that a gyrostat under the conditions (1.1) can rotate permanently 
about a fixed vertical axis (through the space and through the body S1). 

Let Q, /3, y, be the direction cosines of a vertical permanent axis 
with respect to the axes x, y, z. 'Ihe x, y, z components of the vector 
0 (0 = const) can be written as 

p =ou, q=G-J, F=Or (1.7) 

ami x, Y, z, cauponents as K, as 

Amu, BOg, COY (1.8) 

If we take into account (1.7) and (1.81, the equations of motion 
(1.2) assume the form 

(C --&~VY + w(Bc - ;Ib) = P(@ -+,y) 
(A - C) o2ya + 0 (ya - ac) = P (soy - zoa) 

(B - A) o’aB + C.O (ab - pa),= P (y,cr - a$) 

(1.9) 
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and Equations (1.3) beconre identities. 

Equations (1.9) determining the magnitude and the sign of the angular 

velocity of the permanent rotations are consistent if 

@c--b _ ya-ac cd- pat 
(C-B)&-(A-C)ay=(B-_)a@ =2m (1.10) 

ZOP - YOT _ “0-r - zou Yo---*P __I n 
cc - B)BT - (A-C)ay = (B- A)a$ 1 P 

(l.ll) 

Dividing (1.10) by (1.11) we obtain 

PC-76 = W--UC = eb---pa __ -2mp 

4 - YOT ZoT 7 %a ?W - SOP n 
(1.12) 

Consequently the vectors o, K, and OG must be coplanar, that is 

(1.13) 

We shall assume in what follows that the condition (1.13) is satisfied. 

Equations (1.9) can be written in the form 

me+ 2??2@--n=O (1.14) 

Multiplying Equations (1.9) by x0, yO, to, respectively, adding them 

and taking into account (1.13) we obtain the equations 

cc - m#r + (A - chru $- (B - A)s& = 0 

representing the locus of the vertical permanent axes. 

(1.15) 

The locus of EQuation (1.15) is a second order cone in the variables 
Q, p, y, In the cone (1.15) the principal axes of inertia x, y, z, and 
the lines through the cone's vertex 0 and through the points G(xe, yu, 
to) and F(x~/A, y,g’B, zo/C, are generatrices. 'These five lines determine 
the cone completely. 

The intersection of a unit sphere centered on 0 with the generatrices 
of the cone consists of two closed branches of a spherical curve. Let x, 
y, z, g, f, be the points of intersection of the generatrices Ox, Oy, Oz, 
OG, OF, with the unit sphere, and let - x, - y, - t, - g, - f be the 
points diametrically opposite. One branch of the spherical curve is 

through the points x, g, f, z, - y, and the other one through the points 

- x, - g, - f, - 2, Y. 
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A semigeneratrix of the cone (1.15) determined by a, /3, y, which de- 

termine in turn the angular velocity o in (1.14), can make a permanent 

axis, and will be called “the admissible semigeneratrix”. 

We shall assume that 

A>B>C, 20 > 0, Yo > 0, 20 > 0 (1.16) 

o # 0, B #6, r#6 (I .17) 

For the semigeneratrices passing through the points (x, - y), (z, g) 

of the first branch, and through the points (y, - z) and ( - g, - X) of 

the second branch of the spherical curve we have n > 0; consequently, 

these semigeneratrices are admissible irrespective of the value.of m, 

which is determined from (1.12). ‘Ih e semigeneratrices through (- y, z), 

(g, x), (-. z, -:g), and (-z, y), when a = 0, cannot be permanent axes 

because n < 0; when m f 0 these semigeneratrices may become admissible 

if 

Fig. 1. 

of the permanent rotation 

m2+n>0 

We shall consider the case when the per- 

manent axis coincides with one of the 

principal axes of inertia, for example with 

the x axis. In this case 

a = 1, p=r=o 

From (1.13) follows that 

(1.18) 

b C -=- 
Yo ZO (1.19) 

and from (1.9) we find the angular velocity 

0 J- Pzo - py, 
c - b 

It should be mentioned that in general 

(1.20) 

(1.21) 

If the gyrostatic moment is colinear with the vector OG, that is 

when 
Zo _ Yo zo -_-=- 
a b c (1.22) 

then the permanent rotations about each of the principal axes of inertia 
has the same angular velocity 
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* = p=o - ‘F _ pzo 
la C 

(1.23) 

2. Stability of permanent rotations. Let Q, /3, y, under the 

conditions (1.17) determine any admissible semigeneratrix of the cone 

(1.15) which can be a permanent (vertical) axis of rotation of the gyro- 

stat. The x, y, z, components of the constant angular velocity 
PO = a07 90 = BOY r. = yo (2.1) 

are found fran (1.14). 

We shall investigate the stability of permanent rotations of the gyro- 

stat with respect to the variables p, q, r, yl, yz, yJ. Substituting in 

Equations (1.2) and (1.3) 

P = PO + 51, 4 = Qo + Em r = To + E3 

Yl = Q + rll, Yz = B + 112, Y3 = Y + 7l3 (2.2) 

and taking into account (1.9) and (2.1), we obtain the equations of the 

perturbed motion of the gyrostat, which permit the following first inte- 

grals 

VI = A (Et + 2Po&) + B (Ez” + 2!I,g,) + c (E,” + 2ro&) + 

+ 2P (ZOrlI + Yorl2 + zoq3) = cm% 

V2 = A (~0% + 4 + Em) + B (qoqz + BE;2 + E;2q2) + (2.3) 

+ C (r0’0rl3 + Y& S E3r13) + aql + bq2 + cq3 * canst 

v3 = q12 + d + 992 -t 2hl + I-h2 + yq3) = 0 

Let us construct the Liapunov function in the form 

V = V”; - 2oV, + hV3 = AE,’ + BE,,2 + CE3’ - 2Ao&qI - 

- md27l2 - 2cd3-'l3 + h'h2 + hq22 + Al32 (2.4) 

where by (1.9) the constant X equals 

h = Aw2 +a~;PxO = Bw2 +b%+%=Cw2+%+' (2.5) 

The necessary and sufficient conditions for positive-definiteness of 

the function V are by Sylvester’s criterion 

A > 0, AB > 0, ABC > 0, h -- Aw2 > 0 

(h - Aw2) (h - Bw2) > 0, (A - Aw2) (h - Bw2) (h - co2) > 0 
(2.6) 
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‘Ihe first three inequalities are always satisfied, and the retmining 
three are satisfied if 

h - Ad > 0, h - 2369 > 0, h - Cd > 0 (2.7) 

Substituting the value of X from (2.5) into (2.7) we find 

(2.8) 

‘Ihe fuuctiou Y uuder the conditions (2.8) is a sign-definite integral 
of the perturbed motion of the gyrostat, consequently the conditions 
(2.8) are, by Liapuuov’s theorem, the necessary conditions of stability 
of the permanent rotations of the gyrostat. 

If the gyrostatic maaent is collinear with the vector o, that is 

a b c -~--_-= 
a P 1 p” (2.9) 

then by (1.10) we have m = 0. In this case the admissible pannaneat sxes 
are only those semigeneratrices of the cone (1.15) which are determined 
by the arcs (x, - y), (z, g), (y, - z) and (- g, - x). Uuder the condi- 
tions (2.9) the sufficient conditions of stability (2.8) can he written 
in the form 

p---g+% ci -+o, p-J+>0 (2.10) 

If p > 0, then from (2.10) follows that the permanent rotations of a 
gyrostat are stable for every axis coinciding with a semigeneratrix of 
the cone which passes through the points of the arc (- g, - x), For per- 
manent axes determined by other admissible arcs, the sufficient condi- 
tious (2.10) are satisfied if P is sufficiently large. For example, for 
the arc (x, - y) the sufficient conditions of stability are 

(2.11) 

If p < 0, then the sufficient conditious can be satisfied only for 
the points of the arc (- g, - x) when 

(2.12) 

If a permanent axis passes through the center of gravity, that is 

(2.13) 

then by (1.11) we have n = 0, and for permanent rotations about this’ 
axis we obtain from (1.14) o1 = 0 and o2 = - 21. 
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For permanent axes coinciding with the semigeneratrix through g, we 
have ,a > 0, 0 > 0, y > 0 and the sufficient conditions of stability are 

ao - Pxe > 0, bo - Py, > 0, co - Pz, > 0 (2.14) 

which cannot be satisfied when o = 0. 

For permanent axes determined by - g, we have a < 0, /3 < 0, y < 0 and 

the sufficient conditions of stability obtained from (2.8) are 

QO 
- pxo < 0, bo - Py, < o, co - pzo < 0 (2.15) 

nle 
of the 

3. 

inequalities (2.15) show clearly that in this case the equilibrium 

gyrostat is stable. 

Stability of permanent rotations of a gyrostat about 
any of its principal axes of inertia. Let the permanent axis of 

rotation he the x-axis. The particular solution for this case is 

I, = ” = 9 - J% 
c’ %l= 0, ‘b = 0, a = 1, g = 0, y = 0 (3.1) 

Substituting in Equations (1.2) and (1.3) 

P = 0 + Err 4 = 52, r = Es, 71 = 1 + ~1, ya = 112, ys = q3 (3.2) 

and taking into account (1.9) and (3.1), we obtain the equations of the 

perturbed motion, which admit the following first integrals 

VI = A(&‘+ 2051) + BEs2 + C%s2 + 2p (x,71 + yoq2 + zoq3) = const 

V2 = A (WC + 51 + %A) + B%2r)2 + CEsqs + aql + bq2 + cqs = const 

I73 = r112+q22 + 7s2 + 2q1 = 0 (3.3) 

We shall construct the Liapunov function in the form 

v = Vl - 2ov2 + W3 = AtI + BE22 + Ck3= - 2Aa&q, - 

- m("%27'i2 - ~C~%S~S + +I~ + hq 22+ h73' (3.4) 

where the constant X equals 

h = Am2 + ao - Pa;, (3.5) 

The necessary and sufficient conditions for the positive-definiteness 

of the function V are the inequalities (2.7), which are therefore the 
sufficient conditions of stability of permanent rotations ahout the x- 

axis. Let 
A >B, A>C (3.6) 



Pcrrancnt rotations of a heavy gyrostat 33 

Taking into account (3.5) and (3.6) we have the sufficient conditions 

If 
ao - Px:, > 0 (3.7) 

B>A>C or B>C>A (3.8) 

then the sufficient conditions of stability have the form 

ao - PxO > (B - A) d (3.9) 

We have obtained in the previous articles the sufficient conditions 
of stability of permanent rotations about a principal axis of inertia of 
a heavy gyrostat with one point fixed, in the case when projections of 
the gyrostatic moment and of the radius vector of the center of gravity 
on two of the axes are proportional to each other. These conditions are 
not sufficient when the vector of the gyrostatic moment passes through 
the center of gravity*. 

4. If the vector of the gyrostatic moment passes through the center 
of gravity of a gyrostat, then 161 the permanent rotations about each 
principal axis of inertia have the same angular velocity. 

We shall consider the permanent rotations of a gyrostat about the X- 
axis which are determined by the following particular solutions of the 
equations of motion (1.2) and (1.3) 

PXO PYO Pzo 
Po=@=y-= b== 7, qo==Eo, ro=o 

701 = $9 To2 = 0% ros = 0 (4.1) 

Substituting in bation (1.2) and (1.3) 

P= @+Eh Q=h, r = Es, r1= 1 + 71, 72 = rl2, rs = rls 

and taking into account (4.11, we obtain the equation of the perturbed 
motion of the gyrostat, which permit the following first integrals 

vv1= A (E,” + Wi,) + Bb2 + CE3’ + 21’ CWIX + YOQ + q,q3) = const 

I’ 2 = A (ql+E~ + ~~rl,)+BEzrla + CE3q3 + wt + brtz -!- cqs = const (4.2) 

vs = 7fr2+q!?+T/88+ 2% = 0 

l Article 4 has been added after the proof-reading, on 18 October 1961. 
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We shall construct the Liapunov function in the form 

f(%Y rl2? 73) = (r112 + q22 + r132)(q12 ?- q22 + q32 -‘4Tb) 

‘Ibe function V is a positive-definite function of the vari,&les tl, 

1‘2’ (2, 918 92, llJ8 if such is its quadratic part: By Sylvester’s 

criterion the necessary and sufficient conditions for positive sign- 

definiteness of the quadratic part are the inequalities 

A-B>>, (A--)(A-CC)>0 (4.4) 

If the x-axis is the axis of the greatest moment of inertia, then the 

function V is a sign-definite integral of the equations of the perturbed 

motion of the heavy gyrostat, and, on the strength of Liapunov’s sta- 

bility theorem, the pexmanent rotations about the x-axis will be stable. 
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